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Abstract

We define the thin fundamental Gray 3-groupoid 83(M) of a smooth manifold M and define (by using
differential geometric data) 3-dimensional holonomies, to be smooth strict Gray 3-groupoid maps 83(M) —
C(H), where H is a 2-crossed module of Lie groups and C(H) is the Gray 3-groupoid naturally constructed
from H. As an application, we define Wilson 3-sphere observables.
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Introduction

This is the first of a series of papers on (Gray) 3-bundles and 3-dimensional holonomy (also called parallel
transport), aimed at categorifying the notion of 2-bundles and non-abelian gerbes with connection, and their
2-dimensional parallel transport; see @, ISW3, BrMe, [FMP2, @, , @, m, @] The main purpose
here is to clarify the notion of 3-dimensional holonomy based on a Lie 2-crossed module, extending some of
the constructions in ﬂSﬂlL [Sﬂﬂ, [SM, |EMRl|], where a local 2-dimensional holonomy was defined as being
a 2-functor from the fundamental 2-groupoid of a smooth manifold into a structure Lie 2-group, and the 1-
and 2-gauge transformations as pseudo-natural transformations and modifications between such. Note that
the category of Lie 2-groups is equivalent to the category of Lie crossed modules M] As analysed in

,%L given a 2-connection on a crossed module 2-bundle, then the local 2-dimensional holonomies,
together with the information coming from the transition functions (for the 2-bundle and the 2-connection)
can all be patched together to give a honest global notion of a non-abelian 2-bundle 2-dimensional holonomy,
independent of the chosen coordinate neighbourhoods.

To approach 3-dimensional holonomy, we will use 2-crossed modules of Lie groups @, @, , @],
each of which naturally determines a Gray 3-groupoid with a single object (a Gray 3-group), whose definition
appears, for example, in @, @, @, @] The first main result of this article concerns the construction
of the fundamental (semi-strict) Gray 3-groupoid 83(M) of a smooth manifold M, which is not obvious.
The main innovation for defining 83(M) rests on the notion of laminated rank-2 homotopy, a weakening of
the notion of rank-2 homotopy (see , m, m, @]), which makes 2-dimensional holonomy based
on a pre-crossed module, as opposed to a crossed module, invariant. This also permits us to define the
fundamental pre-crossed module of a smooth manifold M.

The definition of a 2-crossed module is due to Conduché. It is a complex of (not necessarily abelian)
groups
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together with left actions > by automorphisms of G on L and E, and a G-equivariant function {, } : EXE — L
(called the Peiffer lifting), satisfying certain properties (Definition [[3]). The extension to 2-crossed modules
of Lie groups is the obvious one. It is well known that Gray 3-groupoids are modelled by 2-crossed modules
(of groupoids); see [KP]. We provide a description of this relation in subsection [ZZ5l

In the light of this connection, given a Lie 2-crossed module H and a smooth manifold M, it is natural
to define a (local) 3-dimensional holonomy as being a smooth (strict) Gray 3-functor 83(M) — C(FH), where
C(H) is the Gray 3-groupoid, with a single object, constructed out of H.

A differential 2-crossed module, also called a 2-crossed module of Lie algebras, see HATAL ], is given by
a complex of Lie algebras:

[geig (0.2)

together with left actions > by derivations of g on [ and ¢, and a g-equivariant bilinear map {,} : ¢ x ¢ — [
(called the Peiffer lifting), satisfying appropriate conditions (Definition [[§]). Any 2-crossed module of Lie
groups H defines, in the natural way, a differential 2-crossed module ), and this assignment is functorial.

The second main result of this paper concerns how to construct 3-dimensional holonomies 83(M) —
C(H) by picking Lie-algebra valued differential forms w € AY(M,g), m € A?(M,e) and 0 € A3(M,]1),
satisfying d(m) = dw + [w,w] = Q, the curvature of w, and §(f) = dm + w A" m = M (see the appendix
for the A” notation), where M is the exterior covariant derivative of m, called the 2-curvature 3-form of
(w,m). This is a 3-dimensional analogue of the construction in [BS, [FMP1, [SW9], which defined a local
2-dimensional holonomy based on a crossed module as being a 2-functor from the fundamental 2-groupoid
of a smooth manifold into the 2-group determined by the crossed module, and constructed such holonomies
from connection forms with values in a differential crossed module. A lot of the proofs will make use of
Chen integrals in the loop space @], which is the approach taken in @]

The 3-curvature 4-form O of the triple (w,m,0), satisfying the above equations, is defined as ©
df +w A" —m AL m (see the appendix for the At} notation). We will prove a relation between 3-curvature
and 3-dimensional holonomy, completely analogous to that for principal G-bundles and for 2-bundles with a
structural crossed module of groups, including an Ambrose-Singer type theorem for the triple (w,m,#). This
will also prove that the 3-dimensional holonomy is invariant under rank-3 homotopy, as long as it restricts
to a laminated rank-2 homotopy on the boundary (see Definition [ZTT]).

As in the case of 2-bundles, the 1-, 2- and 3-gauge transformations would be better understood by passing
to the notion of a Gray triple groupoid, which (to keep the size of this paper within limits) we will analyse
in a future article, where we will also address the general definition of a Gray 3-bundle, and describe the
corresponding 3-dimensional parallel transport, categorifying the results of , , , ]

The 3-dimensional holonomy which we define in this article can be associated to embedded oriented
3-spheres S in a manifold M, yielding a Wilson 3-sphere observable W(S,w, m, ) € keré C L independent
of the parametrisation of S chosen, up to acting by elements of G. This will be a corollary of the invariance
of the 3-dimensional holonomy under rank-3 homotopy, with laminated boundary.

Considering the Lie 2-crossed module given by a finite type chain complex of vector spaces (see ﬂ@] and
[C20), the construction in this article will describe (locally and as a Gray 3-functor) the first three instances
of the holonomy of a representation up to homotopy; see HE] Notice however that the construction in this
article is valid for any Lie group 2-crossed module.

For some other related work see @, |I1.|7 ﬂ, E]

1. 2-crossed modules (of Lie groups and Lie algebras)

1.1. Pre-crossed modules (of Lie groups and Lie algebras)

1.1.1. Pre-crossed modules of Lie groups
Definition 1.1 (Lie pre-crossed module). A (Lie group) pre-crossed module G = (0: E — G,>) is given
by a Lie group map 0: E — G together with a smooth left action > of G on E by automorphisms such that:

d(gve) = gd(e)g™", for each g € G and e € E. (1.1)



The Peiffer commutators in a pre-crossed module are defined as

(e, ) = (efeil) (0(e) >f7'), wheree, f € E. (1.2)

A pre-crossed module is said to be a crossed module if all of its Peiffer commutators are trivial, which is to

say that:
d(e)> f =efe ! for eache, f € E. (1.3)

Note that the map (e, f) € E x E — (e, f) € E, called the Peiffer pairing, is G-equivariant:
g e, f)={(gre,g> f), foreache, f € F and g € G. (1.4)

Moreover (e, f) = 1 if either e or f is 1. Therefore, the second differential of the Peiffer pairing defines a
bilinear map (,) : ¢ X ¢ — ¢, where ¢ = T1 E is the Lie algebra of F.

1.1.2. Differential pre-crossed modules
The infinitesimal counterpart of a Lie pre-crossed module is a differential pre-crossed module, also called
a pre-crossed module of Lie algebras.

Definition 1.2 (Differential pre-crossed module). A differential pre-crossed module G = (0: ¢ — g,>)
is given by a Lie algebra map O: ¢ — g together with a left action > of g on ¢ by derivations such that:

(X >wv) =[X,0()], for each v € ¢ and X € g. (1.5)
Note that the map (X,v) € g X e — X > o € ¢ is necessarily bilinear. In addition we have
X >, w =[Xp>ov,w + v, X >wl], for each v,w € e and X € g (1.6)
(this expresses the condition that the action of g on ¢ on the left is by derivations of ¢.)

Therefore if G is a Lie pre-crossed module then the induced structure on Lie algebras is a differential
pre-crossed module &. Reciprocally, if & is a differential pre-crossed module there exists a unique Lie pre-
crossed module of simply connected Lie groups G whose differential form is & (any action by derivations of
a Lie algebra on another Lie algebra can always be lifted to an action by automorphisms, considering the
corresponding simply connected Lie groups).

In a differential pre-crossed module, the Peiffer commutators are defined as:

(u,v) = [u,v] —O(u)>pv €e; wu,veEe. (1.7)

The map (u,v) € ¢ X ¢ —= (u,v) € ¢ (the Peiffer pairing) is bilinear (though not necessarily symmetric),
and coincides with the second differential of the Peiffer pairing in E. In addition the Peiffer pairing is
g-equivariant:

X > (u,v) = (X >u,v)+ (u, X >v), for each X € g, and u,v € e. (1.8)

A differential pre-crossed module is said to be a differential crossed module if all of its Peiffer commutators
vanish, which is to say that:
O(u)>v = [u,v]; for each u,v € e. (1.9)

For more on crossed modules of groups, Lie groups and Lie algebras, see ﬂE, @, , m, @, ]

1.2. Lie 2-crossed modules and Gray 3-groupoids

1.2.1. 2-crossed modules of Lie groups
We follow the conventions of @] for the definition of a 2-crossed module; see m, @, , @, @]



Definition 1.3 (2-crossed module of Lie-groups). A 2-crossed module (of Lie groups) is given by a
complex of Lie groups:

L5eS%a (1.10)

together with smooth left actions > by automorphisms of G on L and E (and on G by conjugation), and a

G-equivariant smooth function {,} : E x E — L (called the Peiffer lifting). As before G-equivariance means

av{e, f} ={ave,a> f}, for eacha € G ande, f € E. (1.11)

These are to satisfy:

LYE%Gisa complex of G-modules (in other words O and 6 are G-equivariant and dod =1.)

§({e, f}) = (e, f), for each e, f € E. Recall (e, f) = (efe') (0(e)> f71).
[1,k] = {6(1),0(k)}, for each I,k € L. Here [I,k] = kI~ k1.

{ef.gy ={e. faf'}o(e)>{f. g}, for eache, f g € E.
{e.fg} = {e. fH{e.g} {(e.9) " 0(e) > £}, where e, f.g € E.
6. {5(1),e}{e, ()} =1(d(e)>171), for eache € E and | € L.

Define:

G o

ex'1=1{5(1)"", e}, wherel € L and e € E. (1.12)
It follows from the previous axioms that b’ is a left action of E on L by automorphisms (this is not entirely
immediate; a proof is in @, ]) There it is also shown that, together with the map §: L — FE, this
defines a crossed module. This will be of prime importance later. For the time being, note that condition
5. yields:
{e, fg} = {e, f}(e)> f)p' {e,g} = (6({e, f}) > (O(e) > ) v’ {e, g}) {e, f}
= ((efe™")»" {e,g}) {e, f}- (1.13)

This proves that the definition of 2-crossed modules appearing here is equivalent to the one of ﬂ@, @]
The following simple lemma is useful here and later on:

Lemma 1.4. In a 2-crossed module H = (L SES G,>,{,}) we have {1g,e} = {e,1g} = 11, for each
ec k.

Proof. Apply axioms Ml and [f] of the definition of a 2-crossed module to {1glg, e} and {e,1glg}. B
Using this together with equations 4. and 5. of the definition of a 2-crossed module as well as equation
([CI3) it follows (compare also with equation ([L24])):

Lemma 1.5. For each e, f € E we have:

{e.f} =0 {eefe 'y {e, fi = (efe)p e 7' {e 171 =((e)n f)p' {e. f1}

(1.14)
By using condition 6. of the definition of a 2-crossed module it follows that:
ae)> 1= (e’ 1) {e,6(1)" '} (1.15)
Note:
(0e)> £) &' (D) 1) = (3(e) > 1) {(e) > 5(17), 0(e) > £} = ((e) > 1) (D(e) > {517, £}) = O(e) > e,

where we have used the fact that the Peiffer lifting {, } is G-equivariant and that G acts on L by automor-
phisms. We thus have the following identity for each e, f € E and [ € L:

(0(e)> f) " (O(e) 1) = D(e) > (f>'1). (1.17)
4



We also have:

(e’ {f.g}){e O(f = (0(e)v{f.g}) {e. (O(f '>9 Vg~ T e 0(f) e g} (1.18)
= (0(e)>{f.g}) (O(e) > >9) > fe, fgtf 1 (1.19)
= (0(e)>{f.g}) (B(e) > O(f) > g) > (B(e)> (g~ f 1) o' {e. fof ™'} (1.20)
= (9(e)>{f.g}) (9(e) '>5{f,g} Yo' e fof ) (1.21)
={e.fof 7'} (0(e) > {f,g}) = {ef. g}, (1.22)
using equation (ILI3)) in the first step, condition 5. of the definition of a 2-crossed module in the second, the
third equation of Lemma in the third. The penultimate step follows from the fact that (§: L — E,»’)

is a crossed module. Therefore (note that equation ([L23) appears in [Cd, page 162]), in a 2-crossed module
we have, for each e, f,g € E:

{ef. g} = (ev' {f, gh){e,0(f) > g} (1.23)
In particular, we have (compare with Lemma [[H):
{e, fy 7t =ev' {71 0(e) > f}. (1.24)

Consider the totally intransitive groupoid with morphisms G x L and objects G, the source and target
maps being given by (g,!) — g, and identity as g — (g, 11). As composition, we take the group multiplication
in L. Consider also the groupoid with objects G and morphisms G x E, and source and target given by
(g,€) — g and (g,e) — 9(e)~'g, respectively. The composition is

e) CION)) - - ( ef)
(9 2% a(e) g 2D 5y o) ) = (9 L aef) ). (1.25)

The map 6: G x L — G x F defined as §(g,k) = (g,d(k)) is a groupoid map and together with the left
action by automorphisms of G x E on G x L:

(g,e)>’ (D(e)g,1) = (g,ev' 1), where g € G,e€ Eandl € L (1.26)
defines a crossed module of groupoids; see ﬂﬂ, \BH1, BHS, [FMPd, @]

Example 1.6. The simplest non-trivial example of a Lie 2-crossed module is probably the following one.
Let G be a Lie group. Consider

¢Shaxada, (1.27)

where the multiplication in the semidirect product is: (e, f)(g,h) = (efgf~*, fh) and also d(g,h) = gh. In
addition put §(g) = (g7, 9). Heree, f,g,h € G. The action of G on G is the adjoint action and on G x* G
is g (a,b) = (gag=t,gbg™1). The Peiffer lifting is:

{(a,h), (¢, )} = [bdb~", ], (1.28)
where [x,y] = zyr~ly~t. Therefore
d(a,b)> g = (ab)g(ab)™* and (a,b) >’ g = bgb™'. (1.29)

Example 1.7. Any crossed module has an actor crossed square, defined for example in ,@, @/ Taking the
mapping cone of it ,@ @] defines a 2-crossed module. This construction goes over to the Lie group case,
and gives us an unlimited supply of non trivial Lie 2-crossed modules. For instance, the example above is

obtained from the crossed module (G 1, G, ad).



1.2.2. Differential 2-crossed modules
To transport 2-crossed modules of Lie groups to the Lie algebras world we use Lemma [[L4l This tells us
that the second differential of the Peiffer lifting of H defines a bilinear map

{i}rexe—=l (1.30)
which is g-equivariant:
X Au, v} ={Xv>u,v}+ {u,Xp>ov}, for each X € g and each u,v € e. (1.31)

Further relations motivated by the remaining properties of the Peiffer lifting hold. These can be gathered
inside the definition of a differential 2-crossed module (also called a 2-crossed module of Lie algebras). This
definition appeared in HE] Note that our conventions are different.

Definition 1.8 (Differential 2-crossed module). A differential 2-crossed module is given by a complex
of Lie algebras:

(5e%g (1.32)

together with left actions > by derivations of g on I, ¢ and g (on the latter by the adjoint representation),
and a g-equivariant bilinear map {,} : ¢ x ¢ = [: (called the Peiffer lifting) such that:

Lided g is a complex of g-modules.

2. 6({u,v}) = (u,v), for each u,v € ¢. (Recall (u,v) = [u,v] — I(u)>v.)

3. [z, y] = {0(x),0(y)}, for each z,y € L.

4. {u,v],w} = d(u) > {v,w} + {u, [v,w]} — d(v) > {u,w} — {v, [u,w]}, for each u,v,w € ¢. This is the
same as: {[u,v],w} ={9(u)>v,w} —{0)>u,w} — {u, 6{v,w}t} + {v,{u, w}}.

5. {u, [v,w]} = {6{u,v},w} — {6 {u,w},v}, for each u,v,w € ¢. This implies that > defined by the
formula v’ x = —{§(x),v} is a left action of ¢ on [; see below.

6. {d(z),v} +{v,0(x)} = —9(v) >z, for each x € [ and v € e.

Analogously to the 2-crossed module of Lie groups case we have:

Lemma 1.9. The action >’ of ¢ on | is by derivations, and together with the map §: | — e defines a
differential crossed module.

Proof. First of all note that (u,z) € ¢ x [~ up’x = —{d(x),u} is indeed a left action of ¢ on . For each
u,v € ¢ and x € [ we have:
[u,v] ' & = —{6(2), [u,v]} = {5{0(x), v}, u} — {5{0(x),u},v} = ud' (ve'z) — v (ud' z). (1.33)
This left action >’ of e on [ is by derivations. This follows from:
uv! [,y = —{d([z,y]), u} = —{[0(x), o)), u} = {6(y), [0(x), ul} — {6(x), [6(y), ul}. (1.34)
We have used 4. together with the fact 9§ = 0. The last expression can be simplified as:
{0(y), [0(x), ul} = {0(2), [6(y), ul} = {6({d(y),0(x)}),u}) = {6({0(y), u}), (x)}) (1.35)
— {5({5(), 5}, ) + {5(10(), ub).6w)Y)  (136)
= —[z,un’y] — [ud z,y] + 2ud’ {5(z),d(y)} (1.37)
= —[z,udy] — [uv’ z,y] + 2ud’ [z,y]. (1.38)
Therefore
ud [z,y] = —[z,ud y] — [ud’ z,y] + 2uv’ [z,y], or ud [z,y] = [ud z,y] + [z,ur’ y]. (1.39)
Now note that §(z) >’y = [z,y], for each z,y € I, since
§(x) > y=—{6(y),8(x)} = [z,y], for each z,y € [. (1.40)
Finally 6(u>’ z) = [u, d(x)], for each x € [ and u € e, which since 90 = 0 follows from:
S(ud' z) = =5({8(x),u}) = — < 8(x),u >= [u,d(x)]. (1.41)
|



1.2.8. Lie 2-crossed modules and differential 2-crossed modules

A morphism between the 2-crossed modules (L1 — E1 — G1,>1,{, }1) and (La — Es — Ga,b9,{, }2) is
given by group morphisms 7: Ly — Lo, %: Fy — FEs and ¢: G — G4, defining a chain map between the
underlying complexes, such that, for each e, f € E, g € G and x € L.

n{e; f11) = {(e), ¥(f}t2, nlgr1a) = ¢(g) >2n(x) and P(g>1 e) = d(g) b2 P(e). (1.42)

We analogously define a morphism of differential 2-crossed modules. We have categories of 2-crossed modules
and differential 2-crossed modules and their morphisms.

The definition of a differential 2-crossed module is an exact differential replica of the definition of a
2-crossed module of Lie groups. Straightforward calculations prove that:

Theorem 1.10. Let H = (L LA RN G,>,{,}) be a 2-crossed module of Lie groups. The induced chain

complex of Lie algebras | 5He g, together with the induced actions > of g on ¢ and | and the second
differential of the Peiffer lifting {,} defines a differential 2-crossed module ). Moreover the assignment
H — $H is functorial.

Theorem can be proved by taking differentials, in the obvious way, of the equations appearing in the
definition of a 2-crossed module of Lie groups. There is, however, a more conceptual way to prove this
theorem, which guarantees that we can go in the opposite direction. Namely, it is well known that the
categories of simplicial groups with Moore complex of length two and of 2-crossed modules are equivalent,
see for example @, , @] This equivalence of categories also holds in the Lie algebra case, as is proved in
HE] From standard Lie theory it follows that the categories of simplicial Lie algebras and simplicial (simply
connected) Lie groups are equivalent. Taking Moore complexes, it therefore follows that:

Theorem 1.11. Given a differential 2-crossed module $ = (I 5 9,>,{, }) there exists a 2-crossed
module of Lie groups H whose associated differential 2-crossed module is $).

1.2.4. The definition of Gray 3-groupoids

We now define Gray 3-groupoids. Our conventions are slightly different from the ones of @, @] Gray
3-groupoids, also called semistrict tri-groupoids, arise as the greatest possible strictification of a tricategory.
Any tricategory is triequivalent to a Gray 3-category @, ﬁ] It is also proven for example in E] that
the homotopy category of Gray 3-groupoids is equivalent to the homotopy category of 3-types.

A (small) Gray 3-groupoid C is given by a set Cy of objects, a set C7 of morphisms, a set Co of 2-
morphisms and a set C3 of 3-morphisms, and maps aii: Cr — Cij—1, where i = 1,....k (and k = 1,2,3)
such that:

1. 05 00 = 9F, as maps C3 — C).

2. 0F = 0F 005 = 9 0 9F, as maps O3 — C,.

3. 9 = 0 005, as maps Cy — C,.

4. There exists an upwards multiplication Jh3.J’ of 3-morphisms if d5 (J) = 95 (J'), making C3 into a

groupoid whose set of objects is Co (identities are implicit).

5. There exists a vertical composition

rmr’<¥) (1.43)

of 2-morphisms if 95 (I') = 95 ('), making C» into a groupoid whose set of objects is Cy (identities
are implicit).
6. There exists a vertical composition

JMJ’(?) (1.44)

of 3-morphisms whenever 95 (J) = 9, (J') making the set of 3-morphisms into a groupoid with set of
objects C7 and such that the boundaries a;: C3 — Cy are functors.

7



10.

11.

12.

13.

The vertical and upwards compositions of 3-morphisms satisfy the interchange law (JtsJ")g2(J183J7) =
(JhaJ1)b3(J'h2J7), whenever the compositions are well defined. Combining with the previous axioms,
this means that the vertical and upwards compositions of 3-morphisms and the vertical composition of
2-morphisms give C3 the structure of a 2-groupoid, with set of objects being C, set of morphisms Co
and set of 2-morphisms C3. (The definition of a 2-groupoid appears for example in M] It is well
known that the categories of (small) 2-groupoids and of crossed modules of groupoids are equivalent;
see for instance ﬂﬁ, BY].)

(Existence of whiskering by 1-morphisms) For each z, y in Cjy we can therefore define a 2-groupoid
C(x,y) of all 1-, 2- and 3-morphisms b such that d; (b) = z and 97" (b) = y. Given a 1-morphism ~ with
07 (7) = y and 9; () = 2 there exists a 2-groupoid map f;7: C(x,y) — C(y, 2), called right whiskering.
Similarly if 9, (7)) = x and 9; (/) = w there exists a 2-groupoid map /1 : C(z,y) — C(w,y), called
left whiskering.

There exists therefore a horizontal composition of v’ of 1-morphisms if 9] (y) = 9y (v'), which is
to be associative and to define a groupoid with set of objects Cjy and set of morphisms C].

Given v,v’ € C7 we must have:

iy oty =hm(v'v) (1.45)
Yo' = (7)) (1.46)
Y1 0 1Y =ty o, (1.47)

whenever these compositions make sense.
We now define two horizontal compositions of 2-morphisms

(0 )= (B0 ot = (0o ) s 05 ) (1.43)
" (" 0) = (o ") = @ 01 o (ta07 ) (1.49)
and of 3-morphisms:

()= (FD ) = mor ) e @3 ) (1.50)
. (" )= (ot 257 = @ ) e (mop ) (151)

It follows from the previous axioms that they are associative. In fact they also define functors C3(z, y) X
Cs(y,z) — Cs(x,z), where Cs(x,y) is the category with objects 2-morphisms I' with 05 (T') = =
and 05 (I') = y and morphisms the 3-morphisms J with 95 (J) = x and 95 (J) = y, and upwards
multiplication as composition; this follows from 7 and 8.

(Interchange 3-cells) For any two 2-morphisms I' and I with ;" (') = 9; (I'’) a 3-morphism (called
an interchange 3-cell)

<F F/> = 0y (1) T o (rgr) = <F F,) (1.52)

(2-functoriality) For any 3-morphisms I'y = 05 (J) EN OF (J) =T and Iy = 05 (J) LR oF(J") =

I, with 0] (J) = 0y (J') the following upwards compositions of 3-morphisms coincide:

J
(e Uy v



14.

and

J/
r (J ) I Do #T Iy
-7 e, P (1.54)
I'y Iy FQ

This of course means that the collection '#I", for arbitrary 2-morphisms I and T with 9;" (I") = 9; (")
defines a natural transformation between the two functors of [Il Note that by using the interchange
condition for the vertical and upwards compositions, we only need to verify this condition for the case
when either J or J’ is an identity. (This is the way this axiom appears written in ﬂ@, @, @])
(1-functoriality) For any three 2-morphisms = LN 0] o, ¢ and ~” o, ¢ with 95 (T') = 95 (I'") and
0f () = o0 (I'") = & (T'"") the following upwards compositions of 3-morphisms coincide:

1" g1 / " Ieo” / "
whl T Ful')/” T hl(b F#F// T hl(b
I | ——= ¢ " | ——= T no (1.55)
NN I 0 N TR A

where the 2-morphism components of the 3-morphisms stand for the corresponding identity 3-morphism,
and

/
7/}h1 T (E) #T T’ hl(b//
I' my" | ——— T mo"|. (1.56)
T hw” ~h &

Furthermore an analogous equation holds with left and right whiskering exchanged.

Definition 1.12. A (strict) Gray functor F: C — C' between Gray 3-groupoids C and C' is given by maps
Ci—C} (i=0,...,3) preserving all compositions, identities, interchanges and boundaries, strictly.

1.2.5. From 2-crossed modules to Gray 3-groupoids with a single object

Let H = (L SeS G, {,}) be a 2-crossed module (of groups). We can construct a Gray 3-groupoid C
with a single object out of H. We put Cy = {x}, C1 = G, Cy = GX F and C5 = G x E'x L. This construction
appears in ﬂ@], with different conventions, and also in ﬂ@, @], in a slightly different language.

As boundaries 81i: Cr — Cp = {x}, where k = 1,2, 3, we take the unique possible map. Furthermore:

0y (X,e) = X and 05 (X,e) = d(e) ' X. (1.57)

In addition put (as vertical composition):

(X, e)i2(8(e) X, f) = (X, ef), (1.58)
and also
Xt (Yye) = (XY, Xpe) and (YV,e)n X = (Y X, e). (1.59)
Analogously
Xt (V,e,l) = (XY, Xpe, X>l)and (Y,e, )X = (Y X, e,1). (1.60)
Looking at 3-cells, put
95 (X,e,1) = (X,e) and 05 (X, e,1) = (X,6(1) " e) (1.61)
and
95 (X,e,0) = X and 95 (X, e,1) = d(e) ' X. (1.62)



(Note 05705 (X, e,1) = 05 (X,6(1)"te) = 9(e) X = 05 (X, e,1), since 96 = 1.) As vertical composition of
3-morphisms we put:

(0(e)71 X, f, k)

(X, e,0)52(0(e) 71X, £, k) = ( (X, e,1)

) = (X.ef, (e k)l), (1.63)

and as upwards composition of 3-morphisms we put:
(X, e, 0)3(X,6() e, k) = (X, e, k) (1.64)

The vertical and upwards compositions of 2-cells define a 2-groupoid since (5: GxL — Gx E,D/) is a
crossed module of groupoids M], see the comments after definition Recall that the category of
crossed modules of groupoids and the category of 2-groupoids are equivalent.

Let us now define the interchange 3-cells. We can see that:

((X,@ v, f)) = (XY, e(d(e) ' X) > f) and ((X,e) v, f)) = (XY, (X > fe). (1.65)

We therefore take:
(X, e)#(Y, f) = (XY,e(a(e)*X) > fes’ {7, X f}*l). (1.66)

Note

-1
] (e o {e”, X > f} 1) e(de) ' X)) f=ee (X > fle(d(e) ' X)> fre  e(0(e) ' X)) b f = (X > f)e.
(1.67)
This construction defines for any 2-crossed module H a Gray 3-groupoid C(H), with a single object. The
process is reversible: a Gray 3-groupoid C together with an object © € Cjy of it defines a 2-crossed module;

see ﬂ@, Bé, ]

1.2.6. Ezample: (finite type) chain complezes

Suppose A = {A,,0,, = 0}, is a chain complex of finite dimensional vector spaces, such that the set
of all n for which A,, is not the trivial vector space is finite. (Chain complexes like this will be called of
finite type.) This construction is analogous to the one in [KP].

Let us then construct a Lie 2-crossed module

GL(A) = (GL?’(A) 2 GL2(A) & aL(4),5, {, }) (1.68)

out of A. If A is not of finite type, then the same construction will still yield a crossed module, albeit of
infinite dimensional Lie groups.

The group GL'(A) is given by all invertible chain maps f: A — A, with composition as product. This
is a Lie group, with Lie algebra gI'(A) given by all chain maps A — A, with bracket given by the usual
commutator of chain maps. We also denote the algebra of all chain maps A — A with composition as
product as hom*(A).

Recall that a homotopy is given by a degree-1 map s: A — A. Let hom? (A) denote the vector space
of 1-homotopies. Likewise, we define an n-homotopy as being a degree-n map b: A — A, and denote
the vector space of n-homotopies as h"*1(A4). Notice also that we have a complex {h"(A),d,}, where
9! (b) = db — (—1)"b0, for each b € hom™(A). Note h'(A) = hom*(A) and hom'(A) C h(A).

We define the * product of two 1-homotopies as:

sxt=s+t+ sot+ std (1.69)

This defines an associative product in hom?(A4). Even though hom?(A) is not an algebra, considering
commutators this yields a Lie algebra gl*(A), with commutator:

[s,t] = st + st — tsd — tOs. (1.70)
10



Note that gl*>(A) is the Lie algebra of the Lie group GL?(A) of invertible elements of hom?(A), the identity
of this latter group being the null homotopy.
It is easy to see that the map B: hom?(A) — hom'(A) such that

B(s) =1+ s+ 50 (1.71)

respects the products. This thus defines a Lie group morphism 3: GL*(A) — GL'(A), the differential form
of which is given by the Lie algebra map £': gl>(4) — gl*(A), where

B'(s) = 0s + s0. (1.72)
There is also a left action of GL'(A) on GL?*(A) by automorphisms given by
fos=fsf~h (1.73)
Its differential form is given by the left action of gl*(A) on gl>(A) by derivations such that:
frs=fs—sf. (1.74)

It is easy to see that we have defined a pre-crossed module of Lie groups and of Lie algebras. Moreover, this
yields a crossed module if the chain complex is of length 2, as we will see below.

By definition a 3-track will be an element of hom®(A) = h%(A)/d'(h(A)), therefore it will be a 2-
homotopy up to a 3-homotopy. Considering the sum of 3-tracks, defines an abelian Lie group GL?’(A) whose
Lie algebra gl®(A) is given by the vector space of 3-tracks, with trivial commutator.

The (well defined) map a: GL*(A) — GL?*(A) such that

a(b) = —9b+ bd (1.75)

is a group morphism. We also have a left action of GL'(A4) on GL*(A) by automorphisms defined as

fra= faf™* (1.76)
This defines a complex of Lie groups acted on by GLl(A):
GL3(4) % aL2(4) 2 GLY(A). (1.77)
Its differential form is:
al®(4) 5 gi?(4) L git(4), (1.78)

where gl®(A) is the vector space hom®(A) with trivial commutator, and o’ = a. Note that gI'(A4) acts on
the left on gl*(A) by derivations as f>b= fb— bf.

To define a 2-crossed module we now need to specify the Peiffer lifting. We can see that given s,t €
GL?(A) we have

sxtxs L= B(s)tB(s)t — OstB(s) " + st + stdsT 0 = B(s)tB(s) "t 4+ a(st)B(s) ! (1.79)
= (B(s)tB(s) ") = (ast)B(s) ") = (B()tB(s) ™) * axlstB(s) ) (1.80)
In particular the Peiffer pairing is:
(s,t) = (B(s)>t) xa (stB(s)™") = (B(s)> 7). (1.81)
This can still be simplified. Let a € GL*(A). We can see that
txafa)xt™ ' =a(aft)™") =ala)Bt)" . (1.82)

11



This follows by applying the penultimate equation, noting that:

txafa)«t™" = (B(H)a(a)B(t) ") * ata(@)Bt) ™) = a(B(t)aB(t) ") * a(tala)B(t) ") (1.83)
=a(f(t)a + 15()4(@))6(1?)_1 = a(dta + tad + a)B(t) ™' = a(a)B(t)! (1.84)

The Peiffer pairing thus simplifies to:

(s,t) = a (stB(t) "' B(s)7") (1.85)
and we thus have the following candidate for the role of the Peiffer lifting:
{s,t} = stB(t)~"B(s)™", (1.86)

where s,t € GL?(A). Tts differential form is:
{s,t} = st, (1.87)

where s,t € gl*(A).

Routine calculations prove that we have indeed defined 2-crossed modules of Lie groups and of Lie
algebras. The fact we are considering 3-tracks (2-homotopies up to 3-homotopies), instead of simply 2-
homotopies, is used several times to prove this.

2. The thin fundamental Gray 3-groupoid of a smooth manifold
Let M be a smooth manifold. We denote D™ = [0, 1]™.

Definition 2.1 (n-path). Let n be a positive integer. An n-path is given by a smooth map «: D™ =
D' x D"=1 — M for which there exists an € > 0 such that a(w1,22,...7,) = a(0,22,...2,) if ¥1 < €,
and analogously for any other face of D™, of any dimension. We will abbreviate this condition as saying
that o has a product structure close to the boundary of the n-cube. We also suppose that a(0 x D"~1) and
a(l x D"1) each consist of just a single point.

Given an n-path and an i € {1,...,n} we can define (n — 1)-paths 9; () and 9; («) by restricting f
to D=1 x {0} x D" % and D'~ x {1} x D", Note that d:°(a) are necessarily constant (n — 1)-paths.
Given two n-paths o and 8 with ;" () = 9; (8) we consider the obvious concatenation af;b, which given
the product structure condition of o and [ is also an n-path; see examples below.

2.1. 1-Tracks (the rank-1 homotopy relation)

Note that a 1-path is given by a smooth path v: [0,1] — M such that there exists an € > 0 such that + is
constant in [0, ] U[1 —e¢, 1], which can be abbreviated by saying that each end point of y has a sitting instant
(we are using the terminology of [CH]). Given a 1-path 7, define the source and target of v as 9; () = 7(0)
and 9 (y) = (1), respectively.

Given two 1-paths v and ¢ with 9, (7) = 9y (¢), their concatenation y¢ = b1 ¢ is the usual one

~N(2t), if t € [0,1/2]

(19)(t) = {¢(2t —1), ift € [1/2,1] @1)

The fact that any 1-path has sitting instants at its end points implies that the concatenation of two 1-paths
is again a 1-path.
Similarly, a 2-path T is given by a smooth map I': [0,1]? — M such that there exists an € > 0 for which:
1. I'(t,5) =T1(0,0) if 0 <t < e and s € [0, 1],
2. I'(t,s) =T(1,0)if 1 —e <t <1ands€|01],
3. T'(t,s) =T(0)if 0<s<eandte[0,1]
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4. T'(t,s) =T(,1)if l—e<s<landtel01].
The following definition appeared in @] See also m, m, , M]

Definition 2.2 (Rank-1 homotopy). Two I-paths ¢ and ~y are said to be rank-1 homotopic if there exists
a 2-path T such that (where D denotes derivative):

1. 05 (I') =~ and 05 (') = ¢.
2. Rank(DI'(v)) < 1,Vv € [0, 1]2..

Note that if v and ¢ are rank-1 homotopic, then they have the same initial and end-points. Given the
product structure condition on 2-paths, it follows that rank-1 homotopy is an equivalence relation. Given a
1-path v, the equivalence class to which it belongs is denoted by [v], or simply «, when there is no ambiguity.

We denote the set of 1-paths of M by S;(M). The quotient of S;(M) by the relation of thin homotopy
is denoted by S1(M). We call the elements of S; (M) 1-tracks.

It is easy to prove that the concatenations of 1-tracks (defined in the obvious way from the concatenation
of 1-paths) together with the source and target maps o,7: S1(M) — M, defines a groupoid 8;(M) whose
set. of morphisms is Sy (M) and whose set of objects is M. (For details see [CP].)

Definition 2.3. Let x € M be a base point. The group mi(M,x*) is defined as being the set of 1-tracks
[v] € 81 (M) starting and ending at *, with the group operation being the concatenation of 1-tracks.

2.2. Strong and laminated 2-tracks
2.2.1. Strong 2-Tracks (the strong rank-2 homotopy relation)

Definition 2.4 (Strong rank-2 homotopy). Two 2-paths T' and T are said to be strong rank-2 homo-
topic if there exists a 3-path J: D3 — M such that:

1. We have 05 (J) =T and 05 (J) =T".
2. The restrictions 05 (J) restrict to rank-1 homotopies 05 (T') — 95 (I").
3. Rank(DJ(v)) < 2 for any v € [0,1]%.

Due to the fact that any 3-path has a product structure close to its boundary, it follows that strong rank
2-homotopy is an equivalence relation.

We denote by S3(M) the set of all 2-paths of M. The quotient of S3(M) by the relation of strong rank-2
homotopy is denoted by S5(M). We call the elements of S5(M) strong 2-tracks. This notion of strong
rank-2 homotopy was used in . ISW2, ISW3, @, EMP1, [EMP2, M] There exists a 2-groupoid (the
fundamental 2-groupoid of M), with objects being the points of M, the morphisms the rank-1 homotopy
classes of 1-paths (1-tracks), and 2-morphisms being strong 2-tracks. This is relevant for the notion of
2-dimensional holonomy based on a crossed module.

2.2.2. Laminated 2-Tracks (the laminated rank-2 homotopy equivalence relation)

Rank-2 homotopy is too strong for our purposes in this article, which is to address 3-dimensional holon-
omy. Namely, we want the horizontal and vertical compositions of 2-tracks, below, not to satisfy the
interchange law; compare with [L2.4l Therefore we define now a weaker version of rank-2 homotopy.

Definition 2.5 (Laminated rank-2 homotopy). Two 2-paths T' and T are said to be laminated rank-2
homotopic if there exists a 3-path J: D3 — M (say J(t,s,x)) such that:
1. We have 95 (J) =T and 05 (J) = I, in other words J(t,s,0) = I'(t,s) and J(t,s,1) = T'(t,s) for
each s,t € [0,1].
2. The restrictions O (J) (in other words J(t,0,z) and J(t,1,z)) restrict to rank-1 homotopies 05 (T') —
E(TY).
3. Rank(D.J(v)) < 2 for any v € [0,1]%.
4. For each 0 < s,z < 1, at least one of the following conditions holds (up to a set of Lebesque measure
zero):

13



(a) Laminatedness For either ( = s or ( = x the following condition holds for all t € [0,1]:
Rank(D(tﬂc)J(t,s,x)) <1. (2.2)

(b) Path space thinness: There exist non-zero constants a and b such that

a%J(t, s,x) + b(,%J(t, s,x) =0, for eacht € |0,1]. (2.3)
Once again, since any 3-path has a product structure close to its boundary, it follows that laminated rank-2
homotopy is an equivalence relation.

The quotient of Sy(M), the set of 2-paths of M, by the relation of laminated rank-2 homotopy is denoted
by Sh(M). We call the elements of Sh(M) laminated 2-tracks. Note that the boundaries 07 : So(M) —
S;_1(M) descend to boundaries 95 : S5(M) — S;_1(M) and 8F: S§(M) — S;_1(M); here i = 1,2.

2.2.3. Identity 2-tracks

There exists a map S1(M) — So(M) sending a path v to the 2-path id(y) (frequently written simply
as ) such that id(y)(t,s) = ~(¢), for each s,t € [0,1]. It descends to maps id: S;(M) — S5(M) and
id: S;(M) — SL(M).

2.2.4. A technical lemma
The following lemma will be needed for proving the consistency of the vertical composition of laminated
and strong 2-tracks. It generalises Lemma 52 of .

Lemma 2.6. Let f: 0(D?) — M be a smooth map such that:

1. The restriction of f to any face of 0D3 has a product structure close to the boundary of it.
2. The restrictions f(0,s,2) and f(1,s,x) are constant.
3. We have Rank(Df(v)) < 1,Vv € dD3.

Then f extends to a map g: D®> — M defining a laminated rank-2 homotopy connecting 03 (f) = 05 (g) and
05 (f) = 05 (9)-

Proof. Let D3 = {(t,s,2) : —1 < t,s,2 < 1} and S? be its boundary; a smooth manifold with corners.
According to the proof of Lemma 52 of ﬂmn, the map f: S% — M factors as f = po ¢, where ¢: 52 = N
is a smooth map, N being a contractible manifold, and p: N — M being a smooth local diffeomorphism.
In particular conditions 1,2 and 3 hold for ¢.

Choose a contraction ¢: N x [0,1] — N of N to a point * of it. We can suppose that, at each end of
[0,1], ¢ has a sitting instant, in other words, that there exists a positive € such that c¢(x,t) = z if t € [0, ¢]
and c(z,t) == if t € [1 — ¢, 1], where z € N.

Consider the map g: D? — M defined as:

ottes,0) = ((o({1 25 )0 5] ) (2.4

3 3

where |(¢, s, z)| = max (|¢], |s], |z]). The map g is smooth and has a product structure close to the boundary
of D3. All this follows from the product structure condition for ¢ on the faces of S? and the sitting instant
condition on ¢, which take care of the arguments where (¢, s, z) — |({, s, )| is not smooth.

The map g: D® — M extends f: OD® — M, and therefore we now only need to prove that it is a
laminated rank-2 homotopy. Note that it follows trivially that g is a rank-2 homotopy, as in the proof of of
Lemma 52 of [EMP1).

Define (s, )| = max(|s]|, |x]). Let (s,
%|(s,z)| =0or %|(s,z)| = 0. Suppose
t €[0,1]. Let us see that

€ [—1,1]% If (s,z) is a point where |(s, z)| is smooth then either
|(s,z)] = 0, from which it follows that 6%|(t, s,x)| = 0, for each

Yol

x

Rank(D;, .)9(t, s,x)) < 1, for each t € [0,1]. (2.5)
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Given a t € [0,1], we either have %|(t,s,z)| = 0 or not. In the first case (Z3) follows from the fact
Rank(Df(v)) < 1,Vv € S together with 6%|(t, s,x)| =0, for each ¢ € [0, 1]. In the second case [2.5]) follows
from the fact that f is constant when ¢ = 1 or ¢t = —1, which makes g depend only on ¢ in a neighbourhood
of (t,s,x).

The same argument is valid when 2(s,z)| = 0. The remaining points (s, z) have measure zero. m

2.2.5. Vertical composition of 2-tracks
Recall that we can vertically compose any two 2-paths I' and T” with 95 (I') = 95 (I'). Denote it by
T, and represent it graphically as:

05 (")

gl = | 95 (1) = 05 (I) (1;) (2.6)

95 (I')
Suppose [['] and [I'] are (laminated or strong 2-tracks) such that 95 ([T']) = 95 ([[']). Choose a rank-1

homotopy H connecting d; (I') and 9, (I'). Define [[|g2[I'] = [[heHi2I"]. By using Lemma 26 we obtain
the following, not entirely trivial, result:

Lemma 2.7. The vertical composition of (laminated or strong) 2-tracks is well defined (does not depend on
any of the choices made).

See ﬂBHﬂ, BHS, [HKK., [FMP1, |EHKH] for similar constructions.

It is easy to see that the vertical composition of strong and laminated 2-tracks is associative. In the
laminated case, we will need to use the path-space thinness condition in definition We have:

Proposition 2.8. The vertical composition of strong or laminated 2-tracks defines categories with mor-
phisms S3(M) and SL(M), respectively, and objects S1(M). The source and target maps are 95 and Oy .
The identities are as in[Z.2.3.

2.2.6. Whiskering 2-tracks by 1-tracks

Let I' be a 2-path. Let also v be a 1-path, such that 9;"(T') = 9; (7). The right whiskering of T with
v is by definition the 2-path T'jyy = Tfpid(7); see We analogously define left whiskering v/ if
0y (v) = 9y (T'), and whiskering of n-paths by 1-paths for arbitrary n.

It is easy to show that these whiskerings descend to an action of the groupoid 81 (M) on the categories
S,(M) and S3(M). The main part of the proof is to show that, in the laminated case, [[']f1[y] = [['117] does
not depend on the representatives I' and v chosen. Suppose we have a rank 1-homotopy H connecting v; and
~2 and a laminated rank-2 homotopy J connecting I'y and I's. Then (Ji17y1)b3(id(T'2)b11d(H)) is a laminated
rank-2 homotopy connecting I'1171 and Iafi1v2. Here id(T'2)(¢, s, z) = T'2(t, s) and id(H)(t, s,z) = H(t, x),
where t,s,2 € [0,1].

2.2.7. Horizontal compositions of strong 2-tracks

Let I and I be two 2-paths with 9,7 (I") = 9; (I'"). We can consider the obvious horizontal concatenation
T TV, denoted by I'TY. There are however two other natural ways to define the horizontal composition of T’
and I'V. These are:

1'\/
Lo T = (Thdy ()2 (95 (D)) = (F ) (2.7)
and .
DT = (0 (D)l (D05 (1)) = ( FI) 25)
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Figure 1: Slices of T#I forz =0,z = 1/4, x =1/2, z = 3/4 and = = 1.

It is easy to see that these three horizontal compositions descend to the quotient S§(M) of Sp(M) under
strong rank-2 homotopy and they all coincide. In addition the interchange law between the horizontal and
vertical compositions holds. In fact we have:

Theorem 2.9. The horizontal and vertical composition of strong 2-tracks defines a 2-groupoid 85(M ) with
objects given by the set of points of M, 1-morphisms given by S1(M) and 2-morphisms by S5(M).

See ﬂEMTElL , , @] for details. The definition of a 2-groupoid appears, for example, in M]
For related constructions see ﬂBHlL BHS, |EI;L‘§, Bﬂﬂ, lHKKH

2.2.8. Horizontal compositions of laminated 2-tracks and the interchange 3-track

Let us now look at the behaviour of the horizontal composition under the relation of laminated rank-2
homotopy. We can see that f; does not descend to the quotient. However §; and i do descend, even
though they do not coincide.

Given 2-paths I' and I with 0; (') = 9; (I"), let J = I'#I’ be the 3-path whose typical slices as x
varies appear in figure [l We have put v, = 95 (T), 70 = 95 (T'), 7.(t) = I'(¢,z), T (¢,s) = I'(t,xs) and
I7(t,s) = T'(t,x + s(1 — x)), where t, s,z € [0,1]. Note T',fo17, = I", for each z € [0,1].

This good (see below) 3-path T'#I" is well defined up to reparametrisations in the a-direction. Below
(see subsection 23]) we define an equivalence relation on 3-paths which solves this ambiguity.

Note that 95 (T#I”) = T, I and 95 (T#1I”) = T't T”. This will give us the interchange 3-cells; see [ZZ4l

2.3. 8-Tracks
Definition 2.10 (Good 3-path). A 3-path (t,s,z) — J(t,s,x) is called good if 8§(J) each are indepen-
dent of x.

Definition 2.11 (rank-3 homotopy (with laminated boundary)). We will say that two good 3-paths
J and J' are rank-3 homotopic (with laminated boundary), if there exists a 4-path (t,s,z,u) € D*
W (t,s,z,u) € M such that:

1. We have 9, (W) = J and 0f (W) = J', in other words W (t,s,x,0) = J(t,s,z) and W (t,s,x,1) =
J'(t,s,x), where t, s, z,u € [0,1].

2. The restriction W (t, 1, z,u) is independent of x and defines a rank-1 homotopy connecting W (t, 1, x,0)
and W (t,1,2,1) (each independent of x, therefore identified with paths in M ), and the same for the
restriction W (t,0,z,u).

3. The restriction W (t,s,0,u) defines a laminated rank-2 homotopy connecting J(t,s,0) and J'(t,s,0),
and analogously for W (t, s, 1,u).

4. For each v € [0,1]* we have Rank (DW (v)) < 3.

We denote S3(M) as being the set of all good 3-paths up to rank-3 homotopy (with laminated boundary).
The elements of S3(M) will be called 3-tracks.

Notice that the interchange 3-track T#I” of two 2-tracks with 9; (I") = 9, (I") gives rise to a well
defined element of Ss(M). In addition, all boundaries 8?[,1' = 1,2,3 of good 3-paths descend to maps
OE: S3(M) — M, 9F: S3(M) — S1(M) and 95 : S3(M) — So(M), which are the maps needed to get the
structure of a Gray 3-groupoid ([2.4])

The following lemma will be useful later. The proof is achieved by using a filling argument very similar
to the proof of Theorem A of [BHI].
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Lemma 2.12. Two good 3-paths J and J' are rank-3 homotopic (with laminated boundary) if, and only
if, there exists a 4-path W: D* — M satisfying the conditions 1,3,4 of definition [Z11] but with condition 2
replaced by:

2’ The restriction W (¢, 1, x, u) defines a laminated rank-2 homotopy which connects the 2-paths W (¢, 1, z, 0)
and W(t,1,z,1), and the analogous condition holds for the restriction W (¢, 0, x, u).

Proof. One of the implications (2 = 2’) is immediate. Let us prove the reciprocal. We will just discuss
how to deal with the condition on the s = 1 face, since the other face is dealt with analogously.

If W is a homotopy connecting .JJ and J’ as in the statement of the lemma, we substitute W by WV,
where V is defined in the following way: consider a smooth retraction r: D3 — 9D3 \ {z = 1}. Define a
smooth function U: (0D?\ {& = 1}) x [0,1] = M, as:

1. U(t,0,2,u) = W(t,1,2,u), the right hand side is a laminated rank-2 homotopy.
2. In (O(D?)\ ({z =1} U{s =0})) x [0,1] we put U(t,s,x,u) = W(t,1,0,u). Note W(t,1,0,u) is a
rank-1 homotopy.

Finally, let V(¢,s,z,u) = U(r(t,s,x),u)). Then WhaV is a rank-3 homotopy with laminated boundary,
and will give us, after a very minor adjustment (making use of the path-space thinness condition), a rank-3
homotopy with laminated boundary connecting J and J'. =

2.8.1. Vertical composition of 3-tracks

Let J and J’ be good 3-paths with 95 (J) = 95 (J'). Recall that we can perform their vertical composition
JuoJ'. If [J] and [J'] are such that 95 ([J]) = 05 ([J']), then choosing a rank-1 homotopy H connecting
Oy (J) and 9, (J') permits us to put [J]52[J'] = [Jheid(H)baJ'], where id(H)(t,s,x) = H(t,s), for each
t,s,x € [0,1]. By using the same argument as in [2.2.5] we can see that this vertical composition of 3-tracks
is well defined.

2.8.2. Upwards composition of 3-tracks
Let J and J’ be good 3-paths with 05 (J) = 05 (J'). Consider the composition Jiz.J’, called upwards
composition Suppose that we have 8+(J ) 2 05 (J'). Choose a laminated rank-2 homotopy H connecting

) and 05 (J'), and put: [J'] = [JisHbsJ']. The proof of the following essential lemma (very
1nsp1red by ) will be very similar to the proof of Lemma 212 and will make use of it.

Lemma 2.13. This upwards composition is well defined in Ss(M).

Proof. Suppose J =3 J; and J' =3 J;, and choose rank-3 homotopies with laminated boundary A and A’
yielding these equivalences. Choose also laminated rank-2 homotopies with H connecting 03 (J) and 95 (J')
and H connecting 05 (J1) and 05 (J3).

Consider the map W: D* — M defined in the following way: we fill the 2 = 1 and = = 0 faces of D*
with the laminated rank-2 homotopies 95 (A’) and 95 (A). Then we fill the u = 0 and u = 1 faces of D*
with H and H’. The boundary of the s = 0 face of D* will define a rank-1 homotopy U(t,v) connecting
H(t,0,0) with itself. Explicitly it is given by the following concatenation of rank-1 homotopies:

H(t,0,z)

H(t,0,0) ——= H(t,0,1) H(L01-2),

A'(t,0,0,u A(t,0,1,1—u
( ) Al ( )

t,0,0,1) = H'(¢,0,1) H'(t,0,0) H(t,0,0)
(2.9)
By applying Lemma 2.6 the s = 0 face of D* can therefore be filled with a laminated rank-2 homotopy. To
extend W to the rest of D* put W(t, s, z,u) = W(t,r(s,x,u)), where r is a smooth retraction of D3 onto
OD3\ {s=1}.
Then AhsWhs A’ satisfies the conditions of Lemma 212 which implies there exists a rank-3 homotopy
with laminated boundary connecting JisHbsJ' and JifzHifzJ;. =

2.3.3. Whiskering 3-tracks by 1-tracks
The treatment is entirely similar to what was presented in [2.2.6]
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2.8.4. The fundamental thin Gray 3-groupoid 83(M) of a smooth manifold M
Combining all of the above we have:

Theorem 2.14. Let M be a smooth manifold. The sets of 1-tracks, laminated 2-tracks and 3-tracks can be
arranged into a Gray 3-groupoid

$(M) = (M, 81(M), SY(M), S5(M)) (2.10)
whose set of objects is M.

Proof. We need to verify the conditions in [[L2Z4l Conditions 1. to 3. are trivial. Note that 8;, applied to
good 3-paths, can be naturally regarded as mapping to 1-paths.

The difficult bit (existence of compositions) of conditions 4. to 10. are already proved, and all the rest
follows straightforwardly by the definition of laminated and rank-3 homotopy (with laminated boundary),
as in the construction in ﬂEMRlL |EME2, , [Sﬂﬂ] We have already proved the existence of an interchange
3-cell; The fact that it verifies conditions 13. and 14. follows since both sides of each equation can be
connected by rank-3 homotopies with a laminated boundary. m

3. Three-dimensional holonomy based on a Gray 3-groupoid

Fix a smooth manifold M. We will make use of Chen’s definition of differential forms in the smooth
space of smooth paths in M, as well as iterated integrals of differential forms; see @] For conventions see
the Appendix.

Given a crossed module (0: E — G,1>), with associated differential crossed module (9: ¢ — g,>), a local
2-connection pair is given by a pair uﬁsﬁ% consisting of a g-valued 1-form w and an e-valued 2-form m on
M, such that d(m) = dw+ [w,w], [BY, [EMP2]. The (e-valued) 2-curvature 3-form of a local connection
pair is the covariant derivative J\/[ = dm+w A” m; see the appendix for notation. Local connection pairs give
2-dimensional holonomies, meaning smooth 2-functors from the fundamental 2-groupoid of M (see [ZZ.T])
into the 2-groupoid constructed from (9: E — G, >); @, @, M]

The main result of this section is:

Theorem 3.1. Consider a 2-crossed module H = (L 5Ee % G,>,{,}) with associated differential 2-

crossed module (I 5l g,>,{,}). Let M be a smooth manifold. Consider differential forms w € A*(M,g),
m € A%(M,e) and 0 € A3(M,1) such that 5(0) = M and d(m) = Q, where Q = dw + [w,w] = dw +
LA W and M = dm + w A” m denote the curvature of w and 2-curvature 3-form of the pair (m,w); see
[FMP1, [FMP2, @, \SW4, [SW3]. Then we can define a (smooth) strict Gray 3-groupoid functor (definition
[L12)

(w,m,0)

£ 83(M) — C(H), (3.1)

where C(H) is the Gray 3-groupoid constructed from H (and whose sets of objects and 1,2 and 3-morphisms
are smooth manifolds.)

The explicit description of H appears in[3.3.3] At the level of 1-paths H coincides with the usual holonomy of
a non-abelian 1-form, whereas for crossed modules it yields the 2-dimensional holonomy of ﬂS_WZ, @, |EME2]

Definition 3.2. Given w,m and 0 as above, the 3-curvature 4-form © of (w,m,0) is given by
O=di+wA” 0 —mrbtm; (3.2)

see the appendiz for this notation. Here m AU m is the antisymmetrisation of 6{m,m}. We have used the
notation {m, m} for the contravariant tensor such that if X1, X2, X5 and X4 are vector fields in M then:

(Xl,XQ,X37X4) > {m(Xl,Xg),m(Xg,X4)}. (33)

18



3.1. One-dimensional holonomy based on a Lie group
Let G be a Lie group with Lie algebra g and A: R — g be a smooth map. Let F(o,t) be the solution
of the differential equation:

0
EFA(tO, t) = FA(to, 1) A(t), with F4(to,t0) = 1g (3.4)
It thus follows that
9 pa A
ot F(to, t) = —A(to) F* (to, t). (3.5)
0
Moreover
FA(to,t +1') = FA(to, t)FA(t,1). (3.6)

More generally, suppose that (¢,s) € R? — A4(t) € g is a smooth map. It is well known (and not difficult
to prove) that:

9 A, _ ‘ Ay ’ 0 N A (4! ’
T (to,t)f/F (to, )5 At )P (1)t (3.7)

to
Let w be a 1-form in the manifold M. Let v: [0,1] — M be a smooth curve in M, and A be given by
7*(w) = A(§). Put g¥(to,t) = F*(to,t). Note g (to,t + ') = g% (to, t)g% (t,¥') and g% (t,s) = g% (s,t) "
Suppose s € I — 74 is a smooth one-parameter family of smooth curves in M. In other words the map
I': [0,1]2 — M such that ['(,s) = v,(t) for each s,t € [0, 1] is smooth. We have:

2ot = [ oo (S oo 5:9)
- [z >(dw(i 00, 200) + 2o (20 ) e 39
= ad) [ 00) (0 () ) + e (5 a5 by (30
Now note that (integrating by parts):
[0 s () . 0.0 = 0.0 (2t 00| 3.11)

+f (¢ (15 @ (520e0) o ((0)) | . 000

(3.12)

And therefore, putting = dw + [w, w] as being the curvature of w (and where [w,w](X,Y) = [w(X),w(Y))]),
we get the following very well known lemma:

Lemma 3.3. Let w € A'(M,g) be a g-valued 1-form in M. We have:

b
S 0.0 = =5, (aut) [ (65, 0.) 70 (G0 o)) .00

+ g% (a.b) (@;:(t,b))-lw (5200.9)) (2.0

t=b
) . (3.13)

This can also be written as:

9 g (a,b) = g2 ( brl/b < () (L), L)) g2 (1, @)t
asg'ys a’7 79’75 a’) " g'ys a’7 at'Ys ,687 g»y

- gfyds (aab)_l (g(:yds (aat)w (%F(ta 5)) (gf;s (aat))_l
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We thus arrive at the following well known result; see @, , m, @]

Corollary 3.4. One dimensional holonomy based on a Lie group is invariant under rank-1 homotopy. More
precisely, if v and o' are rank-1 homotopic 1-paths then g5'(0,1) = g%.(0,1).

3.1.1. A useful lemma of Baez and Schreiber

Suppose that the group G has a left action >, by automorphisms, on the Lie group E, with Lie algebra
¢. Let x,«" € M. We define P(M, *,*") to be the space of all smooth paths «: [0,1] — M that start at =
and finish at *'.

Let U be an open set of M. Let f: (t,x) € [0,1] xU — ~,(t) = fi(xr) € M define a smooth map
F:U — P(M,x,"), which is the same as saying that f is smooth. Note that we have 7,(0) = % and
v(1) = *', Vo € U. Let A be a (n+ 1)-form in M with values in e. Let w be a 1-form in M with values in
g. Put D,A = dA + w A” A, the exterior covariant derivative of A.

Consider the twisted iterated integral:

75 g b f*(A) = /Ob g2, (0,6)0 (1p F(A4)) dt € A" (Ui ), (3.15)

By using the first equation of the previous lemma we have

a2, 0.0) = = ([ 50,0055 1 @) 2.0.0) + 45, 0.0 @) (3.16)

Here the map (t,z) — 95, (0,t) € G should be seen (through the action 1>) as taking values in the vector
space of linear maps ¢ — ¢. Applying equation (&.0) from the Appendix it thus follows:

b b b
0§ e == gD - f (e @) (e W)+ (e ) a7
0 0 0
We have used the identity tx(a A 8) = tx(a) A B+ J(a) A vx(8), valid for any two forms « and 5. Recall

J(a) = (=1)"«, where n is the degree of a.
We define the following form in the loop space P(M, x,x'):

%JA = 7{ (92(0,)) > A, (3.18)

and analogously for iterated integrals. We are following the notation (but not the conventions) of @] In

other words: )
F* < ) A) = § gp 0> (At (3.19)
w 0

for each plot F': U — P(M,*,+"), the map f: I xU — M being f(t,z) = F(x)(t), where x € Y and ¢ € I.
We thus have the following very useful lemma which appeared in ].

Lemma 3.5 (Baez-Schreiber). Let the Lie group G act on the Lie group E by automorphisms. Consider
a smooth manifold M. Let A be a (n+ 1)-form in M with values in e. Let w be a 1-form in M with values

mn g. We have:
d%A:—%DwA—jéQ*DA, (3.20)

D,A=dA+wA” A (3.21)

where

is the exterior covariant derivative of A with respect to w.
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3.2. Two-dimensional holonomy based on a pre-crossed module

Suppose that G = (9: E — G,>) is a (as usual Lie) pre-crossed module. Let & = (9: ¢ — g,>) be
the associated differential pre-crossed module. Let w € A'(M,g) be a g-valued smooth 1-form in M. Let
m € A%*(M,¢) be an arbitrary e-valued 2-form in M. (Later we will put the restriction d(m) = €, where
Q =dw + [w,w] = dw + Fw A" w is the curvature of w). See the Appendix for notation.

Given a smooth map I': (¢, s) € [0,1]? = ~,(t) € M, defining therefore a smooth map (plot) s € [0, 1] N
vs € P(M, *, '), define el(f”’m)(so, s) as the solution of the differential equation:

i (w,m) _ (w,m) /1 w g 2
dseF (s0,5) = er (s0,8) ; g%((),t)bm at'ys(t),asfys(t) dt, (3.22)

with initial condition egw’m)(so, s0) = 1p. In other words

d w,m w,m ok
Ee% ’ )(50,5) = e% ' )(so,s)l" (7{ m) ; (3.23)

see BTl and for this notation. Note that (by using Lemma BJ) the curvature of the 1-form § m (in
the path space P(M,x*,«)) is

tfme[fmfo] o freme[fnfo]. o

where M = dm + w A” m is defined as being the 2-curvature 3-form of (w, m). By using Lemma B3 it thus
follows that:

Theorem 3.6. Let M be a smooth manifold. Suppose G = (0: E — G,>) is a Lie pre-crossed module,
with associated differential pre-crossed module & = (9: ¢ — g,>). Let w € AY(M,g) and m € A*(M,e).
Let M = dm + w A” m be the 2-curvature of (w,m). Suppose that (t,s,z) € [0,1]> = Ty(t,s) = (¢, z) =
YE(t) = J(t,s,2) € M is smooth. Suppose that ¥*(0) = = and v*(1) = %' for each s,x € [0,1]. Let
J: [0,1]2 — P(M,*,") be the associated plot, (s,z) — %, We have:

%e(ﬁ’m)(O,a) /0 el(f:’m)((),s)j* (7{ M+j£ Q«"m— {7{ m,y{ m]) <%,%> elgi’m)(s,a)ds
w,m S 0 0¥
—l—e;m )(O,a)F“ (7{) m) (%) —T0 (7{) m)
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Ezxplicitly:

i wm) wm) w gz gz Em (w,m)
T er (0,a) / / (g,yg (0,t)>M ((’%75 (t), 55 s (t), 5 s (t))) er.(s,a)dtds (3.26)

/ / £ (/Otgw (0, )02 (82,%( ); g%( )) dt') g%, (3.27)

0wy 92y lem)
m(a% (0, 3022 0)) el s, i (3.29)
/ / e ™0, 5) / L (0,£)>290 i*yz(t’) éyz(t’) dt') g% (0,t)>  (3.29)
’ ot s\ g e 73
D yot), Loz(t)) el (s, a)atds (3.30)
otV 9s'* ‘r ’
a 1
. (wm) w / i x (4! 2 x () /
[ e [ a0 m (gpre) gz ) ar. (331)
! w a xT a (wm)
/0 4% (0,0 bm (ays (1), 575t )) dt} (s,a)ds (3.32)
+ e ™o a)/1 “.(0,t)>m 9 I(t) 9 I(t) | dt (3.33)
s ’ 0 g'yfj ’ at’}/a 76:67(1 .
! w a T a (W m)
( / gvgm,t)»m(m(t),%w ()) dt) (0,4) (3.34)
Now note that for any smooth functions f and g we have [ fol t)dt, fo (t')dt'] fol fo (t")dt'|dt +

fo fo t')dt’, g(t)]dt, and use it in the fourth term. Consider also the definition of the Pelﬁer commutators
(u,v) = [u v] — O(u) > v, where u,v € e. We obtain the following result:

Corollary 3.7. Under the conditions of the previous theorem, and, furthermore, assuming that 0(m) =

we have:
gm0, = [ ek (7{ N f et (g7 ) ks
e ™ (0,a)r's” ( > < > — 1o’ (7{ m> <%> e ™(0,a), (3.35)

which can also be written as:

0 (w,m) -1 _ (w,m) -1 /a (w m) % () 0 0 (w,m)
B T (0,a)"" = —ep(0,0) ; (0,5)J* wM wm* m )\ 5 32 ) €T (s,0)ds
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Ezplicitly (looking at the first expression):

i wm) wm) gz gz Em (w,m)
e 0,a) / / (0,s (g,y (0,t)>M ((’%75 (t), 55 s (t), 5 s (t))) er.(s,a)dtds (3.37)

// o) /ﬁ(O,t’)Dm(%,%ﬁ(ﬁ’))dt', (3.38)

4% (0,4)>m <%7§(t), %’yg(t)) elm(s, a)dt>ds (3.39)
a 1 t
[ demos( [ goiem (g, g . (3.40)
w 9 v 9 o (w,m)
4% (0,4)>m <§'ys (1), 5.7 (t)) el (s, a)dt>ds (3.41)
+ el ™0, a) / 1 9% (0,t)>m (375(15), ﬁyg(t)) dt (3.42)
@ o e ot ox

([ 0.00m (Zag, Zag)) at) em(0,0) (3.43)
; ot 70\ 55

Note that if (0: E — G,>) is a crossed module then all terms involving Peiffer commutators vanish. This
will be of prime importance now and later.

Using this last result it follows that:

Corollary 3.8. The two dimensional holonomy based on a pre-crossed module (0: E — G,1) is invariant
under laminated rank-2 homotopy. More precisely, if T, T are 2-paths which are laminated rank-2 homotopic,

and m € A%(M,¢) and w € A*(M, g) are such that d(m) = Q = dw + [w,w] then e(w m)(O 1) = %’f m)(O 1).

Two dimensional holonomy based on a crossed module (where, by definition, the Pezﬁer commutators vanish)
s tnvariant under strong rank-2 homotopy.

Proof. If J(t,s,z) = 7Z(t) is a laminated rank-2 homotopy then the right hand side of the last equation
in the previous lemma vanishes. If J is a strong rank-2 homotopy, then in principle only the first term
vanishes, but this is compensated by the fact that the Peiffer pairing is zero. m

3.2.1. The Non-abelian Green Theorem
Fix a pre-crossed module (9: F — G,»), with associated differential 2-crossed module (9: ¢ — g,>).
The next result follows directly from the unicity theorem for ordinary differential equations, together with

equations (B14) and (322).
Lemma 3.9 (Non-abelian Green Theorem). Let I' be a 2-path in M. Let m € A%*(M,e¢) and w €
AY (M, g) be such that d(m) = Q = dw + [w,w]. We then have:
(W m) / -1 W w /
dler " (s,8")) g5, =gy, for each s,s" €[0,1]. (3.44)

Recall that we put I'(t,s) = 7s(t), for each s,t € [0,1] and g< = g2 (0,1).

Combining corollariesB.4land B8 with the Non-abelian Green Theorem it follows that (recall the notation
of 234):

Theorem 3.10. Given (w,m) as in the previous lemma, the assignments:
w 1 (w,m)
yESI(M) =gy € G, and T € S3(M) — ga () €r €eGxE, (3.45)

where g5 = gEY”(O, 1) and e(w m = (w ™) (0,1) satisfy all the axzioms for a morphisms of Gray 3-groupoids
83(M) — C(H) which do not mvolve 3-morphisms (is short it defines a morphism of sesquigroupoids, B])
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Proof. What is left to prove is entirely analogous to the proof of Theorem 39 of M] [
Remark 3.11. If (0: E — G,) is a crossed module then the assignments:

v E8I(M) ~ ¢¢ €G, andT € S3(M) — (g;;,(r), egwm) €GxE, (3.46)

define a morphism of 2-groupoids; see[Z.2.7 This result appears in l@, \SW4, |[FMP1, [FMP2).

3.3. Three-Dimensional holonomy based on a 2-crossed module

Let (L 5E S G,>,{,}) be a 2-crossed module, of Lie groups, and let (I 5 g,>,{,}) be the
associated differential 2-crossed module. Recall that we have a left action >’ of E on L defined as e’ [ =
1{5(1)71, e}, where e € E and [ € L. The differential form of this action is v >’ x = —{§(z), v}, where v € ¢
and x € [. Together with the boundary map d: L — F, this defines a crossed module. This permits us to
reduce the analysis of 3-dimensional holonomy based on a 2-crossed module to the analysis of a 2-dimensional
holonomy in the path space, based on a crossed module. Compare with B.2.1] and ﬂEMBlL [FMP2, ISW2, @]

Suppose we are given forms w € A'(M,g), m € A*(M,¢) and 0 € A3(M, ). We suppose that d(m) =
Q = dw + [w,w] and §(8) = M = dm + w A> m. Note that d5(0) = dQ + w A2 Q = 0, as it should, by the
Bianchi identity. We define the 3-curvature 4-form © of (w,m,0) as

O =dfd+wA” 0 —mAlm, (3.47)

where the 4-form m A} m is the antisymmetrisation of the contravariant tensor 6{m,m}. See the Appendix
for notation.

Let J: [0,1]> — M be a good 3-path, Definition ZI0 Put J(¢,s,z) = T'x(t,s) = v%(¢), for each t, s,z €
[0,1]. A plot J: [0,1]2 — P(M,x,') is defined as (s,z) — ~%; see subsection -2 Here % = 97 (J) and
' =07 (J).

We define lgw’m’e)(xo, x) = lj(x0, ) as being the solution of the differential equation:

d B U wm) e 0 a 0
%l‘](fﬂo,fﬂ) ——lJ(:CO,:I:)/O ep.(0,5)>"J (i@—jﬁm* m) (%’%) ds (3.48)

with initial condition I (zg, o) = 1. Compare with (330)).

3.83.1. The behaviour of the 3-dimensional holonomy on a smooth family of cubes.
Let x,+ € M. Consider the following (e-valued and [-valued) forms in the path space P(M,x, "), of
smooth paths in M that start in * and finish in *’:

A:jém, andB:fjéQquém*{’}m, (3.49)

and note, see above, that §(B) coincides with the curvature dA + [A, A] = — § M+ § m*<> m of A.

Let us calculate the 2-curvature 3-form C' = dB + A A>' B (in the path space) of the pair (4, B). Recall
that (0: [ — ¢,p’) is a differential crossed module. First of all note that, by using the results of BTl and
the Appendix, it follows that (taking into account that X > {u,v} = {X > u,v} + {u, X >v})):

d%m*{’}m:—7{Dwm*{’}er?{m*{’}Dwm—]{m/\{’}mfjéQ*D (m*{’}m)Jr?{m*{’} (Q " m)

(3.50)
Thus (by using BT again:)

C:7{Dw9+7§Q*DH—%M*{’}m—i—j{m*{’}M—j{mA{’}m
—j{Q*D (m*{’}m)—i—j{m*{’} (Q*Dm)—fm/\blfe—i—?{m/\bl%m*{’}m. (3.51)
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Recall that M = D,m. Then note that, since v’z = —{d6(x), v} for each v € ¢ and z € [:

7§mm’7§e: _fmA{,}"p?{a(e) - —fmw‘“’?{m: —fMA{’}fm. (3.52)

By using condition 6 of the definition of a differential 2-crossed module together with §() = M and

d(m) =
7{Q*DH—F%m*{’}M—i—j{m*{’}opM:O. (3.54)

Therefore:

Therefore:

:jéD(A)ijém/\{’}m—]{Q*‘> (m*{’}m)Jr?{m*{’} (Q*Dm)Jr?{m/\D,?{m*{’}m. (3.55)

By using condition 5. of the definition of a differential 2-crossed module follows:

7{771/\>/%m*{’}mi—(7{771*< )/\{}7{ %m*{} m*< ) %m*{}(m*[’]m).

(3.56)

Thus, since (u,v) = [u,v] — d(u) > v for each u,v € e:

= 7{ Dwﬁ—% m/\{’}m—jé Q> (m s Lob m) —7{ m b1 (m %<7 m) —jé m U (m*=7m). (3.57)

By using now condition 6. of the definition of a 2-crossed module it follows that the 2-curvature 3-form
C =dA+ AN B of the pair (A, B) is

C:%D(ﬁfjém/\{’}miy{G, (3.58)

recall that © = D0 — m AY m = df + w A" 0 — m AL} m denotes the 3-curvature 4-form of (w,m,6). By

using Corollary B2 for the crossed module (6: L — E,5') (or [EMP1, EMP2, [SW9, [SW3, BS]) follows:

Theorem 3.12. Let M be a smooth manifold and x,*" € M. Let (L 5E S G,>,{,}} be a 2-crossed

module, and let (I 5l g.>,{,}) be the associated differential 2-crossed module. Choose forms w €
AY(M,g), m € A%2(M,¢) and 6 € A3(M,1) such that 6(0) = M = D,m and d(m) = 0, the curvature of w.

Let W: D* — M be a smooth map such that 0} (W) = %' and 07 (W) = *, defining therefore a plot
W [0,1]3 — P(M,x,%'). Let W(t,s,z,u) = Ju(t,s,2) = J°(t,s,u) = T4(t,s), where t,s,z,u € [0,1].
Suppose also that J,, is good (definition [210) for all u. We have:

0 (w,m,0) / (w,m,0) (w,m) /Y3 % o 0 0 wm@)
E) El 1 — El E) ” , 1
_ﬁul']“ (0,1) o ly. (0,2) { epn " (0,5) " W w@ 35’ 52’ B I (x,1)dsdx
1
w,m,f w,m o % o 0
— 1579, 1)/O et (0, 5) b J1 (%9 jém*{’} ) (%’%) ds
(/ el ™(0,5) v O <j£ ]{m*{} > (‘9 aa > ds) 157 90,1). (3.59)
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Corollary 3.13. Three dimensional holonomy based on a 2-crossed module is invariant under rank-3 holon-
omy, restricting to laminated rank-2 holonomy in the boundary. More precisely if J and J' are good 3-paths
which are rank-8 homotopic (with laminated boundary) then

1§90, 1) = 159 (0,1), (3.60)
as long as 6(0) =M = D,m and 9(m) = Q, the curvature of w.

From now on we will usually abbreviate lf,”*m’”(o, 1) = lgw’m’e), as we did for g¢' = ¢%(0,1) and e%‘)’m) =
e ™0, 1).

3.83.2. The holonomy of the interchange 3-cells

Let I and T be two 2-paths with ;" (I') = 9y (I'). Let x = 9y (T), ' = 9; (I') and " = ;" (I").

Theorem 3.14 (The holonomy of the interchange 3-cell). We have

w,m,0 w,m w,m -1 w w,m -t
l%#l" ) = 65—‘ ) D/ { (65—‘ )) aga; (1) > 65—‘/ )} . (361)
Proof. Let J = I'#I" be the interchange 3-path. Let v = 05 (T'). Let F'(s) and F’(s) be the paths s and 7/,

respectively, for each s € [0, 1]; we have therefore plots F': [0,1] — P(M,*, ") and F’: [0,1] — P(M, ', «").

As usual we put v5(t) = I'(¢, s) for each s,t € [0, 1], and the same for v, (¢). Put e(z) = e%w’m) (0,2), e =e(1)

and f(x) = el(f,)’m) (0,z). Also put I(x) = l(Jw’m’e)(O, z). As usual g,, = g% . Recall g, = 9(e(s)) g,

By a straightforward explicit calculation, using equation ([B.48]), and the explicit form of J = T'#I”,
indicated by figure [I, we have:

) =) [ (025 F(@)els) > {F () (5) e (fm) (55) e (3.62)
o s [ e [ (o) (2) o (f ) (2) ) 000
We have used the fact that the interchange 3-cell has derivative of rank < 2. Note that by equation (L23):
[ e e (fm) (5o (Fn) (32) o
= [ eor (fm) () o (fm) () o
e (e (fm) (@)oo (£) () oo 00
Since, by definition:

Lels) = e(s)F* (7£ m) (%) and e (s) = F* (7£ m) (%) e (), (3.65)

and also d(e~'(s))g, = g. (Lemma B3, thus

o= o ()
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it follows, by the Leibnitz rule, and Lemma [[.4t

frews e (o) () oo (£n) Gl [ el (£0) (35)

Therefore:

%zu l(w)(gwf(w))D’{e,ngF'*(ji m)( )} (3.69)

On the other hand, by equation (ILI3)) and the definition of f(z) we have:

% {ehogye flo)} = {6‘1,gw>f(w)gw > F'" (j{ m) (a%)} (3.70)
= (e gy > fl@))e) > {el,ng’* <fé m) (a%)} {e g0 f(2)},  (3.71)

thus in particular:

%eb/ {e7', g, Df(z)}_l = (e|>’ {e7', g, Df(z)}_l) (94> f(z)) D/ebl{ Lg, b (75 m> < >}
(3.72)

= (e £ 0o ) {edle g e (f ) ()} @7

xX

- el fegop S0 00 f0) (e P () (2) G

taking into account equation (C23) and Lemma [[4] for the second step, and Lemma [0 for the third. By
comparing with equation (3.69) and applying the unicity theorem for ordinary differential equations finishes
the proof of the theorem, by using Lemma [[4] again. m

3.3.3. The Non-abelian Stokes Theorem and the end of the proof of Theorem [31]
0

Fix a 2-crossed module (L 5 e ar, {, }} with associated differential 2-crossed module (I 5l
g,>,{,}). Similarly to the Non-abelian Green Theorem, the following follows directly from the unicity
theorem for ordinary differential equations:

Lemma 3.15 (Non-abelian Stokes Theorem). Let J be a good 3-path in M. Consider differential
forms w € AY(M,g), m € A*(M,¢) and 0 € A*(M,1) such that 6(0) = M and d(m) = Q. We then
have:

o (15" e, z')) el = el (3.75)

recall that we put J(t,s,x) =Ty (t,s), for each t,s,x € [0,1]. In addition e(w m = (U:’m)((), 1).

By combining all that was done in this section, it thus follows that the assignment

v ESIM) s g¥ € G, (3.76)
P e SM) = (g5 gy et™) (3.77)

and elwm) (w,m.0)
J € S3(M) — (ga @y Coray a ) (3.78)
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defines a strict Gray 3-groupoid map (definition [LT2)

(w,m,0)
3¢ 85(M) — C(H), (3.79)

where C(H) is the Gray 3-groupoid constructed from G (see [[2ZH) and 83(M) is the fundamental Gray
3-groupoid of M (see 234]). What is left to prove is entirely similar to the proof of Theorem 39 of ﬂmn,
see B.2.11

4. An application: Wilson 3-sphere observables

4.1. Complete Whiskering

Let M be a manifold. Let J be a 3-path with J(0D?3) = {+'}. Given a 1-path v with d; () = * and
07 (v) = #', let 7.J be the 3-path obtained by filling {z € D?,|z| < 1/2} with J and the rest of the cube D?
with v, in the obvious way. This corresponds to the standard way of defining the action of the fundamental
groupoid of M on the homotopy groups ms(M, ). Note that ~.J is well defined up to rank-3 homotopy,
with laminated boundary.

Let (L RNy G,>,{,}} be a 2-crossed module with associated differential 2-crossed module (I el
g,>,{,}). Consider differential forms w € A'(M,g), m € A*(M,¢) and § € A3(M,I), as usual such that
§(0) =M and 9(m) = Q.

Lemma 4.1. We have:

w,m,0 w w,m,0
17 = g o), (4.1)

Proof. Follows by the definition of lgw’m’e), noting that what was added to J has derivative of rank < 1,
together with the identity

g>(ed'l)=(gre)>’ (grl), where g€ G,e€ Eand [ € L, (4.2)
valid in any 2-crossed module; see equation (LI7). m

4.2. The definition of Wilson 3-sphere observables

Let S C M be an oriented 3-sphere S® embedded in M. Consider an orientation preserving parametri-
sation J: D3/0D3 = 83 — S C M of S. Define

W(S,w,m,0) = 19" € keré C L, (4.3)

(recall the Non-abelian Stokes Theorem), called the Wilson 3-sphere observable.
We have:

Theorem 4.2. The Wilson 3-sphere observable W does not depend on the parametrisation J of S chosen
up to acting by elements of G. If S* denotes S with the reversed orientation we have W(S* w, m,0) =

(W(S,w,m,0)"".

Proof. The second statement is immediate from Theorem Bl Let us prove the first. Let J,.J": D3/9D?
be orientation preserving parametrisations of S. Let J(0D?) = % and J'(0D3) = . Consider an isotopy
W: D3 x I — S connecting J and J’, recall that the oriented mapping class group of S? is trivial. Let
y(x) = W(OD3, z), a smooth path in M. Obviously (by using W) .J is rank-3 homotopic, with laminated
boundary, to v.J’; see subsection E.] for this notation. The result follows from Lemma 1] together with
Corollary 313l m
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5. Appendix: Iterated integrals and Chen forms

Fix a manifold M. Given a vector space U, we denote the vector space of U-valued differential n-forms
in M as A"(M,U). Let V and W be vector spaces. Suppose we have a bilinear map B: (u,v) € U X V
uxv € W. If we are given U and V valued forms o € A*(M,U) and 3 € A°(M, V) we define the W-valued
(a+ b)-form a AP 8 in M (also denoted o A* 3) as:

(a+0b)!
alb!

anBp= Alt(a @ ) € AT (M, W). (5.1)

Here a®® 3 is the covariant tensor Bo (a x 3) and Alt denotes the natural projection from the vector space
of W-valued covariant tensor fields in M onto the vector space of W-valued differential forms in M. Note
that if B°P denotes the bilinear map V' x U — W such that B°P(v,u) = B(u,v) then

BAB" a = (=1)"a AP a. (5.2)
On the other hand if we define J(w) = (—1)"'w, where w is an m-form, we will continue to have d(a A 3) =

(da) AB B+ J(a) AB dB.

5.1. Iterated integrals

For details see @, @] Let U be an open set in some R™. Let wy, .. .,w, be forms in A"+ (R xU, W;),
for i =1,...,k, where W, are vector spaces. Suppose we are given bilinear maps W; x W11 — W;y1, say

(v,w) = v*xw. Given —co < a < b < +00, we define o = fab wirdt = fab w1y as being the Wi-valued ni-form

in U such that .
0
a(vl,...,vnl):/ w1 (a,vl,...,vm)dt. (5.3)

Having defined the W,,-valued (n; + ...+ n,,)-form f: w1 * ...k wpydt, then the W, 1-valued (n; + ...+

b .
N+ Mo 1)-form ¢ wy ...k w1t s

b b t
7{ wl*...*wm+1:/ (7{ wl*...*wmdt/) A* L%(merl)dt, (5.4)

where tx(w) denotes the contraction of a form w with a vector field X. Sometimes parentheses may be
inserted to denote the order in which we apply bilinear maps (if not the order above).

For simplicity (but with enough generality for this article), suppose that all forms w; vanish when ¢t = 0
and t = 1. Given b € [0,1], let wy = 7} (w), where ry(x) = (b,x) for each € U. As in [CH] we can prove
that:

b b by b
djg w:—/o (L%dw)dt—i—/o Ewtdt:wb—wo—/o (L%dw)dt (5.5)
b
:%—fumw (5.6)
0

In general in the case when V; = R we have (by induction):

m

b b
djg wl*...*wmdt:Z(—l)ij{ Jwi # .ok Jwiog x (dw;) % wigq * ..k Wy,
0 | 0
m—1 ) b
+ (—1)1% Jwy sk .oox Jwi—q # (Jwi AT wig1) * Wigo * ..o % Wiy
i=1 0

b
— (=)™ <7€ J(wl)*...*J(wm_1)> N i (wm)  (B.7)
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For a proof see @] From now on we use the following convention

1
y{wl*...*wn:%wl*...*wndt. (5.8)
0
5.2. Forms in the space of curves

Let M be a smooth manifold. Let P(M,*, ") denote the space of all smooth curves ~: [0,1] — M that
start in % and finish at *’. Recall that a plot is a map F: U —P(M,*,«"), such that the associated map
F': I xU — M given by F'(t,z) = F(z)(t) is smooth; see [Ch]. (Here I is an open set in some R".)

By definition a p-form « in P(M, *, ") is given by a rule which associates a p-form F*(«) in U to each
plot F': U — P(M,x, "), satisfying the following compatibility condition: for any smooth map g: U’ — U,
where U’ is an open set in some R"™, we have (F o g)*(w) = g*(F*(w)), in U’'. The sum, exterior product
and exterior derivative of forms in the space of curves are defined as:

F*(a+ ) = F*(a) + F*(8), F*(a A B) = F*(a) A F*(), F*(da) = dF*(a), (5.9)

respectively, for each plot F: U — P(M,*,«").
Let wy,...,w, be forms in M of degrees a; + 1, for ¢ = 1,...,n. Then we define a a; + ... + a,-form
§wi ... xw, in the path space P(M,x,x') by putting:

P (fwl ... *wn) - f(F’)*(wl) o ox (F') (wn). (5.10)

Note that if we are given a smooth map f: [0,1] x [0,1]" — M, such that f({0} x [0,1]™) = % and
F{1} x [0,1]") = «’, then we have an associated plot f: [0,1]" — P(M,*, '), sometimes denoted by
F:[0,1]™ — P(M,x, ).
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